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Reminder about the Linear Model of
Coregionalization (LMC)
A number of spatially sampled variables Zj(u) are
decomposed into
. a deterministic, mean component mj(u)
(representing the large-scale variation) plus
. a random, zero-mean component Rj(u)
(representing the variations at other scales):
Zj(u) = mj(u) + Rj(u).

Reminder about the Linear Model of
Coregionalization (LMC) (continued)
Under the LMC, each Rj(u) is decomposed into:
. a nugget effect Rj1(u) (representing the nonspatial and micro-scale variations);
. a short-range autocorrelated, spatial structure
Rj2(u) (i.e., the small-scale variation)
. a long-range autocorrelated, spatial structure
Rj3(u) (i.e., the variation at intermediate scale):
Rj(u) = Σs=1…3 Rjs(u).

Objectives
. Testing the significance of the simple correlation
between variable j and variable j’ at structure s (s
= 1, 2, 3) – parameters of interest: Corr(Rjs, Rj’s)
. Testing the significance of the multiple
correlation between variable j and q other
variables (j’, j’’, etc.) at structure s

“Data of the problem”
. Rjs (j = 1, …, q+1) are not observable.
Note: Only Rj(u) = Σs=1…3 Rjs(u) is observable if
mj(u) is known or mj(u) = 0 for all u.
. If mj(u) is unknown , Rj(u) ≈ estimated Rj(u) =
Zj(u) – estimated mj(u) (see Part 1: Estimation
aspects); same for Rj’(u).
. Structural correlations are evaluated from sill
matrix estimates (see Part 1).
. Rj2, Rj’2, Rj’’2, etc. and Rj3, Rj’3, Rj’’3, etc. are
autocorrelated.

Reminder about the statistical problem
of autocorrelation in correlation
analyses with spatial data
. In the global, simple linear correlation analysis
between spatially sampled variables Z1 and Z2,
the parameter of interest is Corr(Z1, Z2).
. Let r denote Pearson’s estimator (commonly
called ‘sample correlation coefficient’) evaluated
from samples of size N collected for Z1 and Z2.
. In general terms, the presence of spatial
autocorrelation in the sample data of Z1 and Z2
induces a bias in Var(r).

lReminder about the statistical problem of

autocorrelation in correlation analyses with
spatial data (continued)
l. It follows that the classical t test with N – 2 df built on

r/sqrt{(1 – r2)/(N – 2)} is not valid – it rejects the null
hypothesis more often than expected theoretically.
l. A solution to this problem is provided by the modified
t test with M – 2 df built on the same correlation
estimator but with N replaced by
lM = 1 + Var(r)-1,
lwhich is the effective sample size that takes the spatial
autocorrelation of Z1 and Z2 into account (Dutilleul, 1993,
Biometrics).

lNew results
l. From the variance of the simple structural correlation

estimator rs (to be evaluated from the corresponding GLS sill
matrix estimate; see Part 1), it is possible to calculate the
effective sample size
lMs = 1 + Var(rs)-1 (s = 1, 2, 3),
lwhich incorporates the spatial autocorrelation at structure s
when present and the uncertainty associated with the GLS
sill matrix estimate. This provides modified t tests per
structure with Ms – 2 df.
l. Extension 1: Modified F tests for assessing the
significance of multiple structural correlations (i.e., in a
regionalized multiple regression with q random explanatory
variables)
l. Extension 2: Modified F tests per structure in a
regionalized RDA
l. Repetition of tests: Bonferroni correction

Simulation results
. Descriptive statistics on effective sample sizes
. Validity and power analyses for modified F tests
per structure
. Simulation parameter values: grid sizes of
20x20 and 25x25, two structures (i.e., s = 1, 2),
and values of 2, 3, 4, 5, 6 for the range of the
spherical structure.

Descriptive statistics on effective sample sizes
for the modified F tests per structure
•20x20 Grid
•Range
(spherical)

•2

•3

•4

•25x25 Grid
•5

•6

•2

•3

•4

•5

•6

•Nugget effect
•Model-based,
•estimated range
•Mean

•44.6

•95.2

•125.9

•146.5

•163.3

•67.0

•151.8

•201.3

•233.0

•258.2

•Std

•33.6

•24.6

•22.9

•23.4

•24.3

•43.1

•30.4

•28.6

•29.4

•30.0

•Median

•37.4

•93.9

•124.9

•146.0

•163.2

•58.7

•150.5

•200.7

•232.9

•257.9

•Min

•1.0

•13.2

•54.6

•68.6

•76.4

•1.0

•29.5

•119.3

•144.3

•159.7

•Max

•223.3

•201.0

•219.2

•256.3

•276.1

•259.6 •262.2

•312.3

•337.1

•352.1

Descriptive statistics on effective sample sizes
for the modified F tests per structure (continued)
•20x20 Grid
•Range
(spherical)

•2

•3

•4

•25x25 Grid
•5

•6

•2

•3

•4

•5

•6

•Spherical structure
•Model-based,
•estimated range
•Mean

•27.5

•36.4

•33.6

•29.8

•26.8

•41.5

•57.3

•52.7

•46.36 •41.5

•Std

•13.1

•6.6

•4.6

•3.8

•3.5

•15.1

•8.0

•5.6

•4.62

•Median

•25.5

•36.1

•33.5

•29.8

•26.7

•40.0

•57.1

•52.6

•46.28 •41.4

•Min

•1.1

•15.1

•15.8

•13.2

•11.5

•1.3

•32.2

•34.2

•31.36 •28.1

•41.7

•133.
8

•88.5

•70.8

•61.13 •55.5

•Max

•101.7 •68.0

•51.6

•44.0

•4.2

Illustration with real data
. Example of regionalized multiple regression with
two random explanatory variables (soil variables; q
= 2) – a plant biomass trait is the dependent
variable
. Two structures (i.e., s = 1, 2) in addition to drifts
. N = 152
. Direct and cross experimental variograms; see
figure on the next slide
. Values of structural coefficients of determination:
0.62 (micro-scale, P = 0.02, estimated M1 = 11.0);
0.14 (small to intermediate scale, P = 0.39,
estimated M2 = 16.1, estimated range: 70)

Conclusions
. Modified t and F tests developed under the LMC
are available for assessing structural correlations
between spatially sampled variables at micro-,
small and intermediate scales.
. The association (pseudo-correlation) between
drift estimates at large scale can be tested with
the Mantel statistic (Dutilleul et al., 2000, JABES).
. The effective sample sizes Ms (s = 1, 2, 3) can
be used to build confidence intervals for structural
coefficients of determination, whether unadjusted
or adjusted.
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